Entanglement convertibility for infinite dimensional pure bipartite states 
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It is shown that the order property of pure bipartite states under SLOCC (stochastic local op- 
erations and classical communications) changes radically when dimensionality shifts from finite to 
infinite. In contrast to finite dimensional systems where there is no pure incomparable state, the 
existence of infinitely many mutually SLOCC incomparable states is shown for infinite dimensional 
systems even under the bounded energy and finite information exchange condition. These results 
show that the effect of the infinite dimensionality of Hilbert space, the "infinite workspace" property, 
remains even in physically relevant infinite dimensional systems. 
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Quantum information encoded in quantum systems of- 
fers possibility to provide a new and outstanding class of 
the information processing. Quantum two-level systems 
(qubit systems), which correspond to the binary 'bit' sys- 
tems of classical information processing, are often used 
for quantum information processing, but quantum infor- 
mation processing can also be performed in finite multi- 
level systems and even infinite dimensional systems, such 
as bosonic systems. 

Infinite dimensional systems, sometimes called con- 
tinuous variable systems, have been expected to offer 
high potential for quantum information processing. One 
of the advantages of infinite dimensional systems is the 
possibility of implementation using quantum optical sys- 
tems, as shown by the successful demonstration of tele- 
portation 1]. Properties of quantum information under 
gaussian operations, which can be implemented by lin- 
ear optical systems, have been investigated 0, Q- An- 
other advantage is in its infinite dimensionality of Hilbert 
space. Since finite multi-level systems can be reduced 
to (finitely) many two-level systems, the essential power 
of quantum information processing is not different from 
qubit systems, although there may be advantages of 
tractability in implementation. However, infinite dimen- 
sional systems cannot be reduced to two-level systems in 
general. Therefore, there is the possibility of (yet un- 
known) new types of quantum information processing 
schemes, which do not exist in finite dimensional sys- 
tems. 

It has been widely believed that the fundamental prop- 
erties of finite and infinite dimensional systems are simi- 
lar or, at least, that in physically relevant infinite dimen- 
sional systems with bounded energy conditions and with 
a finite number of measurement outcomes, the proper- 
ties can be well approximated to finite dimensional sys- 
tems. In this letter, we will show that these beliefs are 
not well-founded for quantum systems by investigating 
entanglement properties of infinite dimensional systems. 

Entanglement is regarded as the key resource which al- 
lows many quantum information processing schemes out- 



perform than their classical counterparts. Entanglement 
can be classified by transformability under local opera- 
tions, such as LOCC (deterministic local operations and 
classical communications), SLOCC (stochastic LOCC). 
The convertibility properties of two different entangled 
states (in a single copy or multi-copy situation) under 
local operations are important for the qualitative and 
quantitative understanding of entanglement. For finite 
dimensional bipartite systems, we now have a better un- 
derstanding of LOCC and SLOCC convertibility based 
on intensive work in recent years. For example, the con- 
dition for the convertibility of two pure entangled states 
in the single copy situation is given by Nielsen's majoriza- 
tion theorem ^ for LOCC, and is given by Vidal's the- 
orem jg for SLOCC. It is also found that incompara- 
ble pure states only exist in multipartite systems, such 
as the GHZ state (|000) + |111))/V2 and the W state 
(|001) + |010) + |100))/>/3 in three qubit systems 0. 

In this letter, we will show that a fundamental prop- 
erty of entanglement, the order properties of pure bipar- 
tite states under SLOCC are changed significantly from 
total order to non-total order with the shift in dimension- 
ality from finite to infinite. Further, we will show that 
there are infinitely many mutually SLOCC incompara- 
ble pure bipartite states even under the bounded energy 
condition. These results show that the effect of infinite 
dimensionality of Hilbert space, the "infinite workspace" 
property, remains in physically relevant infinite dimen- 
sional systems. 

First, we consider ordering sets, ordered by the con- 
vertibility of two general bipartite quantum states under 
general operations. In the language of set theory ^ , con- 
vertibility can be describe by an order denoted by "^" . 
For a set of physical states 5", the order indicating the 
existence of physical transformation satisfies the reflec- 
tive law a ^ a and the transitive law a ^ b and b ^ c 
imply a —^ c), where a,b,c € S. This ordering property 
is a pseudo partial ordering. We consider that two states 
are in the same equivalence class, if they transform each 
other a — > 6 and b ^ a. We denote this situation as 



a ^^ b. The quotient set of S by the equivalence class 
<-> is denoted as (S/ ^^,^) and represents the classifi- 
cation based on the given transformation. For the set 
{S/ <-*■,—*■), we can redefine the ordering —^ which sat- 
isfies the additional condition a ~* b and b —^ a imply 
a = b. This ordering property is partial ordering. 

If the set has the additional property that a ^^ b im- 
plies b —>■ a {a ^^ b denotes a ^- & is not true), the set 
is totally ordered. Total ordering is a convenient prop- 
erty to analyze the convertibility of a system, since there 
exists a unique measure of ordering for a totally ordered 
set. For example, the convertibility of pure state \4>) un- 
der LOCC transformation in the asymptotic situation is 
total ordering. Therefore, there is a unique measure, or 
a monotone, given by the von Neumann entropy of en- 
tanglement -E(|0)) in this case [3- On the other hand, a 
pair of monotones, like distillable entanglement and en- 
tanglement cost [liJ], are useful tools to distinguish the 
ordering properties (total ordering or partial ordering) of 
the system \iX\. 

The key idea of our formulation is that we consider a 
totally ordered subset {^r} parameterized by a real num- 
ber r for a pseudo partial ordering set S. Then we can 
always define a pair of functions R~ {^) and R'^^ip) for a 
state tp ^ S, where R~ (V') is the supremum of r at which 
■0 can be transformed to ^r, and R^{ip) is the infimum 
of r at which ^ can be transformed to ^r- Mathemati- 
cally they are expressed as the following: For a pseudo 
partial ordering set, if there exists a real parameterized 
total ordering subset {^rlre^i C S where A C M such 
that Ti < r2 if and only if ^^ —^ Cr-2 1 ^^ can define a pair 
of functions on 5 to ^ C M as 



R-{^) 
i?+(^) 



sup{r G A\il} 
inf{r &A\^r' 






(1) 

(2) 



where we define R d^/")) = infjA} for {r e A\'4> — > ^r} — 
0, and R+{\tjj)) = sup{A} for {r e A\^r ^ V^} = 0. 

Although there are many ways to define a monotone 
for a partial ordering set from a totally ordered subset 
{CrJA, our definition of functions R^{ijj) and R'^{ip) are 
preferable for analyzing entanglement convertibility. It is 
easily proven by contradiction that they are the unique 
monotones which give lower and upper bounds of any 
monotones defined from {^r} for a given pseudo partial 
ordered set S, that is, V ~> </> implies R~{ip) > R~{(t>) 
and R+W > R^{(j)), R-^icj)) < R~W implies ^ ^ </>, 
and also any other monotone Ro{tp) defined from {^r} 
satisfies R-^) < i^olV-) < ^+(V') for all ^/j e S. 

From the properties of R^ {ijj) and R^^ip), we can im- 
mediately derive the following important results: If the 
quotient set {S/ <->, — >) is totally ordered, namely, ip ^^ (j) 
implies — > -0 is satisfied, then for all ijj £ S, we have 
-R ("0) = R^ii')- On the other hand, if there exists 
■0 e S* such that R' {ip) < i?+(0), then {S/ ^,-^) is 
not totally ordered, and "0 is incomparable to all ^r with 
R-W <r<i?+(0). 

The advantage of our formulation is that it can be ap- 
plied for many different situations: single-copy or asymp- 



totic (infinitely many-copy) cases, for finite or infinite 
dimensional systems, mixed or pure states, and under 
LOCC, SLOCC or PPT [13 operations. Many important 
known results of entanglement theory can be re-derived 
only from simple ordering properties and the existence 
of the real parameterized total ordering subset. For ex- 
ample, in the case of convertibility under LOCC oper- 
ations for mixed states in the asymptotic situation, we 
consider {\£_s) (^s|}^o to be a subset of pure states with 
-^il^s)) — s 10] where E{\tjj)) is the amount of entan- 
glement for pure states. Then we have R~{p) = Ed{p) 
and R^{p) — Ec{p) where Ed{p) and Ec{p) are distill- 
able entanglement and entanglement cost, respectively. 
We see that the sets are not totally ordered and R~ (dis- 
tillable entanglement) and i?+ (entanglement cost) are 
limits of other monotones [13, and also that there is a 
set of states such that R~ = but i?+ > 0, the bound 
entangled states 14]. 

Now we concentrate on the investigation of SLOCC 
convertibility (with non-zero probability) of infinite di- 
mensional pure states in the single-copy situation. In 
general, the entanglement of a pure state \a) is char- 
acterized by the sequence of Schmidt coefficients {Af} 
{0 < I < d and < / < 00 for finite d and infinite di- 
mensional systems, respectively). For finite dimensional 
systems, the two monotones coincide with the Schmidt 
rank, the number of non-zero Schmidt coefficients (Vi- 
dal's theorem JQ]). On the other hand, the Schmidt rank 
itself cannot be a monotone for infinite dimensional sys- 
tems for analyzing convertibility between "genuine" in- 
finite dimensional states (with infinite Schmidt ranks). 
Further, if we consider exact conversion of genuine infi- 
nite dimensional states under SLOCC, we generally need 
infinite many information exchanges, which is not phys- 
ical. 

To extend Vidal's theorem to physical infinite dimen- 
sional systems, we define SLOCC convertibility in infinite 
dimensional systems as the following: \ip) is convertible 
to ]0) by SLOCC if and only if \tp) is convertible to any 
neighborhood of ]0) by finite steps of LOCC with prob- 
ability larger than some positive number. Then Vidal's 
theorem can be extended to infinite dimensional systems 
as the following: ]0) G 7i can be converted to ]0) € 7i by 
SLOCC with non-zero probability in the single-copy sit- 
uation if and only if there exists e > 0, g^p^n) / g,f,{n) > e 
for all n G N, where ga {n) = X]/^n ^1 ^^ ^ function de- 
fined in terms of Schmidt coefficients {Ajjf^o of a gen- 
uine infinite dimensional state \a) (Vidal's Theorem). 
Mathematically rigorous arguments for the extended Vi- 
dal's theorem are given in 15] together with an extension 
of Nielsen's theorem to infinite dimensional systems. 

The function gain) plays the central role in the con- 
struction of the monotones i?~ and i?^ for infinite di- 
mensional states. By definition, a sequence of the func- 
tion {ga(n)}neN satisfies four conditions, strict positiv- 
ity ga{n) > 0, strict monotonicity ga{n) > gain + 1), 
convexity gain -|- 1) < {gain) + gain + 2)}/2, and nor- 
malization (7a (0) — 1. Conversely, for a given sequence of 



functions {g{'n)}^^Q^ there exist a genuine infinite dimen- 
sional state I a), where the Schmidt coefficients are give 
by Af = g{n) — g{n + 1) if and only if {g{n)}nGN satisfies 
the strict positivity, strict monotonicity, convexity and 
normalization conditions. Such a function g{n) is called 
Vidal's monotone. 

According to Vidal's theorem, if a real parameterized 
subset {|Cr)}reA C 7i is totally ordered, g^^{n) must sat- 
isfies liin„_,oo(5Cri i^)/9ir-2 i^)) > if ^.nd only if ri < r2 
for all ri and r2 . From the property of g^^ (n) , we can 
construct the monotones R~ and R^ 

R-i^P) = inf{reA|li^„^^.9v,(n)/5c.H-0} (3) 
R+{^p) = inf{r e A|IW„^oo.9^H/5e.W < +oo}-(4) 

for all {g^^{n)}reA,neN satisfying the three conditions: 

I. Strict monotonicity for all r G A, II. Convexity for all 
r e A and n G TV, and III. ]mn~,ooi9ir^(n)/9i^^{,i.)) > 
is equivalent to ri > r2. The proof is given by the 
following: If {gi^^{n)}r£A,neN satisfies the conditions I, 

II, and III, the corresponding set of states {|Cr)}reA 
for {g(^^{n)}reA,neN exists and is totally ordered. Since 
A G R is assumed to be an interval, the two functions 
R~{ijj) and R^{ip) defined by Eqs. (P) and |(2Jl, can be 
represented by Eqs. ||2J) and I0J by using Vidal's Theo- 
rem. 

Next, we show that there exists a pairs of genuine in- 
finite dimensional states which are incomparable to each 
other. We prove that the two monotones R~{\ip)) and 
R'^i'ip) given by Eqs. Q and Q do not necessarily co- 
incide with each other for infinite dimensional systems, 
by constructing an example. We consider a twice contin- 
uously differentiable function g{x), which is the contin- 
uous counterpart of g{n), since a continuous function is 
more convenient for analytical investigation. The con- 
ditions for g{x) to relate to a genuine infinite dimen- 
sional state is now given by g{x) > (strict positiv- 
ity), g (x) < (strict monotonicity), g (x) > (con- 
vexity), and g(0) = 1 (normalization), for all x. li g{x) 
satisfies the above conditions except the normalization 
condition, we can easily normalize g{x). Thus we omit 
the normalization condition for simplicity. Since con- 
vertibility is determined only by the ratio of functions, 
we introduce another function d{x), which is given by 
d{x) = p{x)g{x). Let g{x) satisfy the same conditions 
as g{x). Then pix) > 0, g {x)p{x) + g{x)p {x) < 0, 
g {x)p{x) + 2g {x)p (x) + g(x)p {x) > and p{l) — 1 
are to be satisfied. 

We set our function to be g{x) ~ e^^. Actually, 
our choice of g(x) represents one of the most tractable 
genuine infinite dimensional entangled states, the two 
mode squeezed state \ipq) = — X^^o ?" !"•) ^ 1*^)' where 
g is a squeezing parameter. We give a construction 
of a function d{x) which indicates the existence of in- 
comparable genuine infinite dimensional states. In this 
case, the conditions for p{x) become simple, p{x) > 0, 
p{x) — p (x) > 0, and p{x) — 2p (x) + p {x) > 0. We 
choose p{x) to be parameterized by r as p{x) — Pr{x) = 



(loga;)''{sin(logx) -|- 1} + (logx)~^ where < r < +oo. 
We define two functions mr{x) = Pr{x) — p^ix) and 
Cr{x) = Pr{x) — 2p^{x) + p^ (x) for evaluating monotonic- 
ity and convexity, respectively. 

For all < ri < r2 < oo, there exists Xri,r2 > such 
that mr{x) > and Cr{x) > for all x > a;ri,r2J ^^'^ 
r € [?'i,?'2]- That is, the function Pr{x + Xr-i^.r2) satisfies 
the positivity, monotonicity and convexity conditions. 
Therefore we can consider a state \£,r) represented by 
the function dr{x) = Pr{x + Xri.r2)g{x)- The ratio of the 
functions dr{x) / g{x) — Pr{x-\-Xri,r2) determines convert- 
ibility between the two states li/jg) and \S,r)- To evaluate 



the ratio, we rewrite Pr{x 



j) in the discrete form: 



Pr{n') = pr{An+Xri,r2) whcrc A = — logg. Then we can 
easily show that lim ^_.^ip,.(n) ~ and lim„^ooPr(") — 



Defining R and i?+ from {|^r)}re 



{ri,r2)i 



we obtain 



R (-0) = ri and R'^{'ip) = r2- The two states |'0) and 
l^r) for all r G [ri, r2] are now shown to be incomparable 
under SLOCC. 

Further, we show that there are infinitely many mu- 
tually incomparable states by proving that if {|^fe)}^o 
is defined by the following sequence {dfe(An)}^Q and 
dk{x) = CkE^^ {p{x + flfc)} , where Ck is a normaliza- 
tion constant preserving rffe(O) = 1 and Ofc > is a real 
number, then \'^k) is SLOCC incomparable each other 
for all k E N. It is easy to prove that for all k G N, there 
exists a real number Ofe such that for all {(ife(An)}^Q 
satisfies the conditions for Vidal's monotone (strict posi- 
tivity, strict monotonicity, convexity and normalization) 
for all X > ak- 

To prove the mutual incomparability of {"^k) for differ- 
ent fcs, it is sufficient to show lim„^oorffc(An)/(ii(An) = 
-fcx) and lim^___,^dh(An)/di(An) = for aU k > I. The 
first condition is evaluated by 

liiax^oodk{x)/di{x) 



> lim 



> lim 



'[h{p,l){sm{h{p,l)) + l} + j^Y 
2"/i(p,fc)" 



2"h{p,kr 

> hmp^oo i-ot./^ A i — n 



{2Mp,0 + 7n^}' 



where h{p,k) — log(xp -I- Uk) and {ipj^i is a sequence 
of positive real values such that sin(loga;p) — 1 and Xp < 
Xp+i. The second condition is evaluated by 



"m^x^ocdkix) / di{x) 

{h{q,k)}-^ 



< lim 



< lim„ 



< 0, 



'[hiq,l){sinih{q,l) + l} + T±!jY 
{l/h{q,k)}'^ 



{l/h{q,l)y 



where {xq}'^^ is a positive sequence such that 
sin(loga;g) = and Xq < Xq+i. Therefore, it is proven 
that l^fe) is mutually SLOCC incomparable for all fc € iV 
using Vidal's theorem. 

Since |^o) represent a two mode squeezed state, any 
I'^k) with fc > is incomparable to not only the two mode 
squeezed state, but also to all l^j,') with fc ^ fc. These 
family of states can be taken to have all bounded en- 
ergy due to the existence of the exponential term e^^ in 
the Vidal's monotones. In physically relevant situations, 
we should restrict measurement obtaining only finitely 
many results for local operations. Shown incomparabil- 
ity is under stronger local operations including infinitely 
many measurement results, the measurement described 
by the countable infinite positive operator valued mea- 
sure. Therefore, the incompar ability property of infinite 
dimensional states remains under the finite measurement 
condition. 

We have to note that our functions i?^(|V')) and 
R^{\ip)) are discontinuous for the usual topology of 
Hilbert space due to the discontinuity of the SLOCC con- 
vertibility itself. However, we can say that the maximum 
probability to convert \ip') where || \ip) — |?/j') || < e for 
small e to 10) and the probability of the inverse process 
are both very small, if both \ip) and \(p) have infinite 
Schmidt ranks. The maximum probability for conver- 
sion between the states is continuous for the topology of 
Hilbert space. 

In this letter, we have developed a general formula- 
tion for constructing a pair of convertibility monotones 
using order properties. The monotones are considered 



as generalizations of distillable entanglement and entan- 
glement cost. This formulation can be applied to many 
different situations to analyze entanglement convertibil- 
ity. We have applied the formulation to SLOCC con- 
vertibility for genuine infinite dimensional pure states in 
the single-copy situation. By constructing an example, 
we have proved the existence of infinitely many mutually 
SLOCC incomparable pure bipartite states even under 
the bound energy condition. 

One of the important remarks in this letter is that the 
ordering property under SLOCC convertibility is changed 
radically, from total ordering to non-total (partial) order- 
ing, with the shift in dimensionality from finite to infi- 
nite. Even under the restriction of finite energy and finite 
measurement conditions, the infinite dimensionality of 
Hilbert space offers fundamentally different entanglement 
properties from finite dimensional systems. Although we 
are only able to treat finite amount of classical informa- 
tion, the workspace for information processing should not 
be considered to be finite for infinite dimensional quan- 
tum systems. Our result encourages the search for other 
properties of the "infinite workspace" , fundamental dif- 
ferences between finite or infinite dimensional quantum 
systems, and their use for quantum information process- 
ing. 
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